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A new method is proposed for  solving one-d imens iona l  nonl inear  heat-conduction problems in a medium 
having any number  of phase t rans i t ions  (nonlinear  Stefan problems).  The method cons is t s  of a d i rec t  
calculat ion of the i so therms  and reduces  to the Cauchy problem for a sys tem of o rd inary  different ial  
equations.  

1. Formula t ion  of the problem. The heat-conduct ion equation is 

aE (7) = div [k (T) grad T] (k (7) > 0) (1.1) 
Ot 

where t is the t ime, T is the temperature~ E is the in terna l  energy of the medium, and k is the thermal  conductivity 
coefficient.  The function E(T) is monotonic (nondecreasing) and has a discontinuity of the f i r s t  kind at the T values at 
which the medium changes phase. The discont inui ty  in E(T) at these points is equal to the heat of the phase t rans i t ion  
(e. g. , to the heat of fusion at the mel t ing  point). The functions E(T) and k(T) a re  assumed known. 

Using the change of var iab les  (T O is an a rb i t r a r y  constant) 

T 

l k(z) dz = u ,  

To 

we convert  Eq. (i.i) to 

a/(u) =Au, l(u)=E(T(u)) (1.2) 
~t 

Here,  evidently, u is a monotonic function of T and f (u)  is a monotonic (nondecreasing) function of u which may have 
discont inui t ies  of the f i r s t  kind. F igure  1 shows a typical plot of the f(u)  dependence. For the case of one-d imens iona l  
heat conduction along t h e x - a x i s ,  Eq. (1.2) becomes 

al  (u) = 02u ( 1 . 3 )  
Ot Ox ~ " 

The problem of de te rmin ing  the t empera tu re  of the medium reduces  to that of finding the solution u(x, t) of Eq. 
(1.3) for a r b i t r a r y  ini t ial  and boundary conditions.  The der ivat ives  of the function u have discont inui t ies  at those curves  
in the x, t plane at which u takes on a value at which a phase t rans i t ion  occurs  [i. e . ,  one of the u values cor responding  
to the d iscont inui t ies  of the funct ionf(u) ] .  These curves  in the x, t plane t race  out the motion of the phase - t r ans i t ion  
fronts .  This problem (the nonl inear  Stefan problem) has been the subject  of many studies (see [1] for a bibliography). 
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Fig. 1 

2. I so therms.  Let us descr ibe  one approach to a numer ica l  solution of this problem. In the region in which the 
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f u n c t i o n f ( u )  is  def ined ,  we c h o o s e  poin ts  Uk with k = 0.1 . . . . .  N such  that  u k < uk+ ~ f o r  a l l  k and such that  the d i s t a n c e  
be tween  ne ighbor ing  poin ts  i s  f a i r l y  s m a l l  (in p a r t i c u l a r ,  t he se  d i s t a n c e s  m a y  be equal) .  A m o n g  the po in ts  u k a r e  al l  
the  d i s c o n t i n u i t i e s  of  the funct ion  f ( u ) .  We i n t r o d u c e  the d i scon t inuous  p i e c e w i s e - c o n s t a n t  func t ion  F(u) by m e a n s  of  

F ( u ) = F ~ = / ( u ~ )  f o r  u ~ < ~ u < t ~ + ~  (~=o,  1 . . . . .  N - - 0 .  (2.1) 

F i g u r e  1 i l l u s t r a t e s  this funct ion ,  which a p p r o x i m a t e s  the f u n c t i o n f ( u ) .  We r e p l a c e  Eq. (1.3) by 

O F ( u )  02u (2.2) 
O t  O x  ~ ' 

which  we s o l v e  below.  At  those  poin ts  of the x,  t p l ane  a t  which  u is  not  equa l  to any of the u k, the func t ion  F(u) is  
cons tan t ,  a c c o r d i n g  to Eq. :(2.1). T h e n  i t  fo l lows  f r o m  Eq. (2.2) that  8~u/Sx 2 = 0; i . e . ,  u is  a l i n e a r  func t ion  of x. F o r  
e a c h  f ixed va lue  of t, t h e r e f o r e ,  the so lu t ion  u(x, t) of Eq. (2.2) wi l l  be a p i e c e w i s e - l i n e a r  func t ion  of  x with b r e a k s  
(d i scon t inu i t i e s  in the d e r i v a t i v e  8u/Sx)  at u = u k, k = 0, 1 . . . . .  N. To  d e t e r m i n e  the so lu t ion  u(x, t), t h e r e f o r e ,  i t  is  
su f f i c i en t  to find the x = xk(t) c u r v e s  in the x, t p lane  at  which u = u k, k = 0, 1 . . . . .  N. T h e s e  c u r v e s ,  at which the 
d e r i v a t i v e  8u /gx  has  a d i scon t inu i ty ,  a r e  e v i d e n t l y  i s o t h e r m s .  

We in t roduce  the d i f f e r e n t i a l  equa t ions  fo r  the i s o t h e r m s .  We a s s u m e  that  the i s o t h e r m  xk(t), at  which u = Uk, 
l i e s  at s o m e  t be tween  the i s o t h e r m s  x- ( t )  and x+(t) c o r r e s p o n d i n g  to u = u -  and u = u +, i . e . ,  x -  < x k < x +. H e r e  u -  and 
u + a r e  the d i s c o n t i n u i t i e s  of the func t ion  F(u) a d j a c e n t  to Uk; They  m a y  be  equa l  to u~_~, u~, o r  u~+~. Since  u(x, t) i s  a 
p i e c e w i s e - l i n e a r  func t ion  of x and F(u) i s  a p i e c e w i s e - c o n s t a n t  func t ion  of  u, we have  

t t -  - -  U k 
u = u~ + x _ ~ x ~ ( x - - x o ,  F = F -  ( x - < x < x D ,  

u = u k -F z -~_  x~ ( z - -  x~), F = F + ( , k < x < x + ) .  (2.3) 

H e r e  F -  and F + a r e  the c o n s t a n t  v a l u e s  taken on by the func t ion  F(u) in (2.1) in the c o r r e s p o n d i n g  u r a n g e s .  

We now le t  a and b be f ixed  v a l u e s  of  x ly ing  a t  s o m e  t in the i n t e r v a l s  (Fig.  2) 

x - < a < x ~ ,  x ~ < b < x  + . 

I n t e g r a t i n g  both p a r t s  o f  Eq .  (2.2) o v e r  x f r o m  a to b a t  f ixed  t ,  we obta in  

b 

l OF(u) Ou (b, t ) - -  Ou 
T d x  = - ~  ~-x (a, t) . 

( t  

Since  a and b a r e  cons t an t s ,  the d i f f e r en t i a t i on  with  r e s p e c t  to t and the i n t e g r a t i o n  o v e r  x on the l e f t -hand  s ide  of 
this  equa t ion  can be i n t e r changed ;  then the i n t e g r a l  is  e a s i l y  c a l c u l a t e d  with the help  of Eq.  (2.3). A l so  us ing  Eq. (2.3) 

to t r a n s f o r m  the r i g h t - h a n d  s ide  of this equa t ion ,  we find 

d u + - -  It}: b~- - -  ~t k 

d-T[(x~--a) F' + ( b - - x l , ) F q  = , _ ~  _ _ ~  

D i f f e r e n t i a t i n g  with  r e s p e c t  to t, we f ind 

( F -  - -  F +) - : _ ~ u- - -  uk (2 .4 )  

L e t  us  c o n s i d e r  the v a r i o u s  p a r t i c u l a r  c a s e s .  We a s s u m e  that  n e a r  x = x k the func t ion  u(x, t) e i t h e r  m o n o t o n i c a l l y  
i n c r e a s e s  o r  m o n o t o n i c a l l y  d e c r e a s e s  wi th  i n c r e a s i n g  x. In t h e s e  c a s e s  we have  

x -  = x~_f, zt- = u~_l, x + = xl~+ 1, ~-~ = u~+l, F -  ~ F~_I,  F + ~ F~ ; 

X- : Xk~l, ~- ~ Uk+l, X + : Xk-i, ~+ ~ Itl~-l, ~- : F~, F ~ ~ F~:- I . 

In both c a s e s ,  Eq. (2.4) b e c o m e s  

dt 
I {~+I- ~ ~ - ~ - ~ .  

F k _ l  - -  F 7  ~ \ x k +  1 - -  x k x7~_1 - -  x/~ / 
(2 .5 )  
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We a s s u m e  b o t h  i s o t h e r m s  a d j a c e n t  to x k c o r r e s p o n d  to v a l u e s  u ~ u~_~,less than  Uk. T h e n  in Eq. 

we m u s t  s e t  

x -  - - - -x~_t ,  x + - ~  x~- l ,  ~ -  - ~  u + - ~  ~ - l ,  F -  = F + ----- F~_  I . 

(2.3) and  (2.4) 

In t h i s  c a s e ,  the  l e f t - h a n d  s i d e  of Eq. (2.4) v a n i s h e s ,  and  the e q u a t i o n  i t s e l f  l e a d s  to a c o n t r a d i c t i o n ,  y i e l d i n g  the  
e q u a l i t y  u~ ~ u~_x. In th i s  c a s e  the x = Xk i s o t h e r m  c a n n o t  e x i s t :  i t  " e n d s "  i n s t a n t a n e o u s l y ,  and  u(x k, t) i s  m a d e  equa l  
to u~_~. A n a l o g o u s l y ,  i s o t h e r  m s  xk(t) c a n n o t  e x i s t  sue  h t h a t  bo th  n e i g h b o r  ing i s o t h e r  m s  c o r r e s p o n d  to v a l u e s  u = u k + t > Uk. 

F ig .  2 

We a s s u m e  tha t  two of the  t h r e e  u e i g h b o r i n g  i s o t h e r m s ,  Xk(t) and  xk( t ) ,  c o r r e s p o n d  to t he  s a m e  v a l u e  u = u k,  
w h i l e  the  t h i r d ,  x~_~ (t) , c o r r e s p o n d s  to a s m a l l e r  v a l u e  u = u~_~. We a s s u m e  f o r  d e f i n i t e n e s s  t h a t  t he  l a s t  of t h e s e  

i s o t h e r m s  l i e s  to the  l e f t  of the  f i r s t  two; i . e . ,  we s e t  

x- = x~_~, x + = x~, u- = u~_~, u + = u1~, F - ~  F~-i,  F* = F1~ 

in  Eqs .  (2.3) and  (2.4).  T h e n  Eq.  (2.4) b e c o m e s  

clxk Uk - -  ~k-I 
dt - ( F ~ -  F~_~) ( ~ - ~ _ ~ )  ~ 0. (2.6) 

In th i s  c a s e  the  i s o t h e r m  xk(t)  a l w a y s  m o v e s  to the  r i g h t  in  t he  x,  t p l ane ,  in  a c c o r d a n c e  wi th  (2.6).  In c o n t r a s t  
wi th  Eq.  (2.5),  the  r i g h t - h a n d  s i d e  of ,Eq.  (2.6) d e p e n d s  on ly  on the  n e i g h b o r i n g  i s o t h e r m  x~_l on the lef t ,  and  d o e s  not  
d e p e n d  on  the  n e i g h b o r i n g  i s o t h e r m  x k on the r i g h t .  In  th i s  c a s e ,  t he  xk(t)  i s o t h e r m  d o e s  no t  " s e n s e "  w h a t  o c c u r s  on 
i t s  r i g h t .  

We a s s u m e  f o u r  n e i g h b o r i n g  i s o t h e r m s  x~_ l, xn, x ( ,  x~_l' a r e  a r r a n g e d  in s u c h  a m a n n e r  t h a t  x~_~ < xTc < x~ < 
< xk-x' ; t h e s e  i s o t h e r m s  c o r r e s p o n d  to uk-x, u~, uh, u~_~, r e s p e c t i v e l y .  E q u a t i o n  (2.6) is  then  v a l i d  f o r  the  i s o t h e r m  
xk( t ) ,  and  an  a n a l o g o u s  e q u a t i o n  wi l l  ho ld  f o r  the  i s o t h e r m  x~(t) : 

dt (F~. - -  F ~ _ I ) ( x ( - - ~ - 1 ' )  ~ O .  (2.7) 

We s e e  f r o m  Eqs .  (2.6) and  (2.7) t h a t  the  i s o t h e r m s  xk(t)  and  x~(t) do not  a f f ec t  e a c h  o t h e r ;  they  a p p r o a c h  e a c h  
o t h e r .  W h e n  they  i n t e r s e c t ,  the  i n t e r v a l  [x k, x~] of the x - a x i s  on  w h i c h  u = u k c o n t r a c t s  to a po in t .  T h e n  bo th  i s o t h e r m s  
end,  and  the  i n t e r v a l  of the  x - a x i s  on wh ich  u = u k c e a s e s  to ex i s t .  The  m e r g i n g  of the  i s o t h e r m s  i s  s h o w n  
s c h e m a t i c a l l y  a t  the  r i g h t  in  Fig .  2. P h y s i c a l l y ,  t h i s  p h e n o m e n o n  h a s  a v e r y  s i m p l e  m e a n i n g :  ff t h e r e  i s  an  e l e v a t e d -  
t e m p e r a t u r e  r e g i o n  (u = u k) on b o t h  of w h o s e  s i d e s  the  t e m p e r a t u r e  is  l o w e r ,  h e a t  c o n d u c t i o n  wil l  c a u s e  t h i s  r e g i o n  to 
c o n t r a c t  and  u l t i m a t e l y  d i s a p p e a r .  

T h e r e  i s  a n o t h e r  c a s e  to c o n s i d e r - - t h a t  in  w h i c h  two of t h r e e  n e i g h b o r i n g  i s o t h e r m s  c o r r e s p o n d  to the  s a m e  u = 
= u k v a l u e ,  w h i l e  the  t h i r d ,  e i t h e r  to the  l e f t  o r  to t he  r i g h t  of the  f i r s t  two, c o r r e s p o n d s  to a g r e a t e r  u --~ u~_ 1 . T h i s  
c a s e  would be  c o m p l e t e l y  a n a l o g o u s  to t h a t  above  ff the  p i e c e w i s e - f u n c t i o n  F(u) in  (2.1) w e r e  c o n t i n u o u s  on  the  l e f t  bu t  
no t  on  the  r i g h t .  With  th i s  c h o i c e  of F(u) ,  i t  t u r n s  ou t  t ha t  the c e n t r a l  i s o t h e r m  of the  t h r e e  e n d s  i n s t a n t a n e o u s l y ,  as  in  
one  of the  c a s e s  c o n s i d e r e d  p r e v i o u s l y .  

3 .  B o u n d a r y  a n d  i n i t i a l  c o n d i t i o n s .  E q u a t i o n s  ( 2 . 4 ) - ( 2 . 7 )  ho ld  f o r  i n t e r i o r  i s o t h e r m s  xk(t) ,  i . e . ,  t h o s e  b e t w e e n  
two o t h e r  i s o t h e r m s .  To d e r i v e  e q u a t i o n s  f o r  the  b o u n d a r y  i s o t h e r m s ,  we m u s t  a p p e a l  to the  b o u n d a r y  c o n d i t i o n s .  We 
a s s u m e  tha t  the  s o l u t i o n  of p r o b l e m  (1.3) o r  (2.2) is  to be  sough t  in the r e g i o n  of the  x, t p l a n e  b o u n d e d  by the  
i n e q u a l i t i e s  gl( t)  --< x --< g2(t), t - 0, w h e r e  g l  and  g2 a r e  s p e c i f i e d  f u n c t i o n s .  
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We a s s u m e  tha t  a b o u n d a r y  c o n d i t i o n  of one of the  t h r e e  fo l lowing  types  i s  s p e c i f i e d  on  the  x = gt(t) c u r v e :  

u = h 1 (t),  Ou/Ox ----- h 2 (t),  Ou/Sx - ~  h 3 (u, t ) .  (3.1) 

L e t  u s  c o n s i d e r  the  i s o t h e r m  xk(t)  c o r r e s p o n d i n g  to u = u k.  L e t  us  a s s u m e  t h a t  a t  s o m e  t i t  l i e s  b e t w e e n  the  
b o u n d a r y  x = gl(t)  and  the  i s o t h e r m  x~+, (t) ; i . e . ,  t h a t  gl < x~ < x~+ 1 . We a s s u m e  tha t  v and  q a r e  the  v a l u e s  of u and  
8u/Ox a t  the  b o u n d a r y  x = gl(t) ;  h e r e  uk-, < v < u~. T h e n  the  e q u a t i o n  a n a l o g o u s  to (2.4) i s  

cl~._~ _ i _ _  {u~+i___ ~ -- u,_~ q,). (3.2) 
dt F~_ i - -  F k \ z~+ 1 -  x k / 

H e r e  q i s  d e t e r m i n e d  f r o m  the  fo l l owing  e q u a l i t i e s  c o r r e s p o n d i n g  to the  t h r e e  b o u n d a r y  c o n d i t i o n s  (3.1) : 

.u~ - -  hi (t) h2 (t), ( 3 . 3 )  q = x ~ - - g a ( t ) '  q =  q = h 3 [ u k + ( g l ( t ) ~ x ~ ) q ,  t ] .  

In the  f i r s t  two c a s e s ,  q i s  s p e c i f i e d  by the  e x p l i c i t  e q u a t i o n  (3.3),  wh i l e  in  the  t h i r d  c a s e  a t r a n s c e n d e n t a l  
e q u a t i o n  m u s t  be  s o l v e d  to d e t e r m i n e  q. S u b s t i t u t i n g  q f r o m  (3.3) in to  (3.2),  we f ind  t he  d e s i r e d  e q u a t i o n  f o r  the  

b o u n d a r y  i s o t h e r m  xk(t) .  T h i s  e q u a t i o n  wi l l  h o l d  un t i l  the  fo l lowing  i n e q u a l i t i e s  b e c o m e  v a l i d :  

u~_ i < v = u (gi (tl), t ) =  u~ + (gi (t) - -  x~) q < u~. (3.4) 

If a t  s o m e  t i m e  to the  l e f t  i n e q u a l i t y  in  (3.4) i s  v i o l a t e d  (i. e . ,  ff v = u~_ 1 a t  t = t0), t hen  a new i s o t h e r m  x~_l (t) 
l e a v e s  the  b o u n d a r y  x = gl( t)  a t  t h i s  t i m e .  T h i s  i s o t h e r m  wi l l  be  the  b o u n d a r y  i s o t h e r m  a t  t > to, wh i l e  the i s o t h e r m  x = 
= xk(t)  wi l l  b e c o m e  an  i n t e r i o r  one.  F o r  the  new  i s o t h e r m  x~_~ ( t ) ,  we h a v e  the  o b v i o u s  i n i t i a l  c o n d i t i o n  x~_ i (to) ~- g, (to). 

If ,  on  the  o t h e r  h a n d ,  the  r i g h t  i n e q u a l i t y  in  (3.4) i s  v i o l a t e d  a t  t = to, we h a v e  v = u k and  x k = gl  a t  t = to. In t h i s  c a s e ,  
the  i s o t h e r m  xk(t)  m o v e s  to the  b o u n d a r y  and  d i s a p p e a r s ,  wh i l e  the  i n t e r i o r  i s o t h e r m  x~+l (t) b e c o m e s  the  b o u n d a r y  

i s o t h e r m  a t  t > to. 

We a s s u m e  t h a t  a t  t i m e  t = to the  i s o t h e r m  xk(t)  i n t e r s e c t s  the  b o u n d a r y  x = gl(t) ,  a t  wh ich  the  f i r s t  of b o u n d a r y  
c o n d i t i o n s  (3.1) i s  s p e c i f i e d .  T h e n  u k = h i  and  x k = g l  a t  t = to, s o  the  f i r s t  of e q u a t i o n s  (3.3) f o r  q b e c o m e s  
i n d e t e r m i n a n t .  E q u a t i o n  (3.2) h a s  a s i n g u l a r i t y  a t  t = to. A p p l y i n g  l ' H 6 p i t a l ' s  r u l e  to the  i n d e t e r m i n a n t  f o r m  fo r  q, we 

f ind 

dhl / dt 
q (to) = d g i / d t - -  dx~/dt f o r  t---- to �9 (3.5) 

S u b s t i t u t i n g  (3.5) f o r  q in to  Eq. (3.2) and s e t t i n g  t = to in  i t ,  we f ind an  a l g e b r a i c  ( q u a d r a t i c )  e q u a t i o n  f o r  the  
d e r i v a t i v e  d x k / d t  a t  t i m e  t = t0. So lv ing  t h i s  e q u a t i o n ,  we f ind d x k / d t  f o r  t = to and  c a n  t hus  avo id  the  s i n g u l a r i t y  a t  t = 

= t 0. 

In t h i s  m a n n e r  we c a n  s t u d y  the b e h a v i o r  of i s o t h e r m s  n e a r  s i n g u l a r i t i e s  which  m a y  a r i s e  a t  t h e i r  i n t e r s e c t i o n  
w i t h  the  b o u n d a r i e s  of the  r e g i o n .  T h i s  top ic  i s  t a k e n  up  in  m o r e  d e t a i l  f o r  s p e c i f i c  e x a m p l e s  in  s e c t i o n  5. 

O t h e r  c a s e s  of the  b e h a v i o r  of i s o t h e r m s  n e a r  the  b o u n d a r i e s  x = gl(t)  and  x = g2(t) c a n  b e  d i s c u s s e d  in a 
c o m p l e t e l y  a n a l o g o u s  m a n n e r .  M o r e  c o m p l i c a t e d  b o u n d a r y  c o n d i t i o n s  t han  (3.1) c a n  be  c o n s i d e r e d ,  e . g . ,  b o u n d a r y  

c o n d i t i o n s  a t  unknown  b o u n d a r i e s .  

T h e  i n i t i a l  c o n d i t i o n  f o r  Eq. (1.3) i s  u s u a l l y  s p e c i f i e d  in  the  f o r m  u = h(x) a t  t = 0, w h e r e  h i s  a s p e c i f i e d  
f u n c t i o n .  In o r d e r  to o b t a i n  the  i n i t i a l  c o n d i t i o n s  fo r  i s o t h e r m s  x = xk(t) ,  we f ind  the  r o o t s  of the e q u a t i o n s  h(x) = Uk f o r  

r 

k = 0, 1 . . . . .  N. If  x k,  x k, x~, e t c .  a r e  the  r o o t s  of t h i s  e q u a t i o n  fo r  s o m e  f ixed  k, t h e s e  r o o t s  a r e  a l s o  the  i n i t i a l  
v a l u e s  Xk(0), x~(0) ,  x~(0) ,  e t c .  f o r  the  i s o t h e r m s  c o r r e s p o n d i n g  to the Uk v a l u e .  

The  n u m b e r  of i s o t h e r m s  b e g i n n i n g  a t  t = 0 and  c o r r e s p o n d i n g  to the  v a l u e  u = u k i s  equa l  to the  n u m b e r  of r o o t s  
of the  e q u a t i o n  h(x) = u k.  If the  f u n c t i o n  h(x) is  d i s c o n t i n u o u s ,  s e v e r a l  i s o t h e r m s  m a y  e m e r g e  f r o m  i t s  d i s c o n t i n u i t y ,  
c o r r e s p o n d i n g  to t h o s e  u k v a l u e s  e n c l o s e d  b e t w e e n  the  l i m i t i n g  v a l u e s  of the  f u n c t i o n  h(x) on  the  l e f t  and  r i g h t  of the  

d i s c o n t i n u i t y .  

4 .  D i s c u s s i o n  of  t h e  m e t h o d  a n d  i t s  g e n e r a l i z a t i o n .  As  was  s h o w n  a b o v e ,  s o l u t i o n  of the b o u n d a r y - v a l u e  p r o b l e m  
f o r  n o n l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  (2.2) wi th  the  d i s c o n t i n u o u s  f u n c t i o n  F(u)  in  the  f o r m  (2.1) l e a d s  to the  

170 



solution of the nonlinear system of ordinary differential equations for the x = xk(t) isotherms corresponding to the 
discontinuities u = n k in the function F(u). We have shown how to construct these equations in various cases for interior 

and boundary isotherms [Eqs. (2.5)-(2.7), (3.2)]. 

The isotherms may end (or disappear) either within the region or at its boundaries. New isotherms may begin at 
the boundaries, and in this case we can specify initial conditions for thern. The indeterminacy arising in the isotherm 
equations at their intersection with the boundaries e m be handled. Finally, we note that the boundary isotherms may 

convert into interior isotherms, and vice versa. Acco:dingly, the problem as formulated reduces to the Cauchy 
problem for a system of ordinary differential equations whose form and degree change with the time according to 
definite ru le s .  This  sy s t em can be eas i ly  in tegrated by f ami l i a r  numer ica l  methods,  e . g . ,  the Runge-Kutta  method. 
After  the p rob lem is solved and alI the i so the rms  xk(t) a re  de te rmined ,  the solution u(x, t) is found as a p i ecewi se -  
l inear  function of x taking on the values u = u k for x = xk(t). 

In pr inc ip le ,  this method yields an exact  solution of Eq. (2.2), so the question of the convergence  of the method 
reduces  to the following question:  in what sense  and under what conditions does the solution of Eq. (2.2) approximate  
the solution of Eq. (1.3) if  the p i e c e w i s e - l i n e a r  function F(u) is approximate ly  equal to the function flu) in the sense  of 
m e t r i c  C, i . e . ,  in t e rms  of the max imum modulus of the d i f f e r ence?  

It is obvious f rom physical  cons idera t ions  that when F(u) ~ f(u) the solution of Eq. (2.2) tends toward Eq. (1.3) 
(except, perhaps ,  for  ce r t a in  pa r t i cu la r  cases) .  This follows f rom the fact  that two media  having s i m i l a r  p roper t i e s  
mus t  behave s imi l a r ly .  Never the less ,  a r igorous  mathemat ica l  demons t ra t ion  of the convergence  is des i rab le .  

With essen t ia l ly  no changes,  
In these cases  Eq. (1.3) becomes  

this method is also applicable for  p rob lems  of cyl indr ica l  and spher ica l  symmet ry .  

O[(u) 0~-~ , v at, (4.1) 
Ot - - ~  z Oz " 

where  v = 1, 2 for  cy l indr ica l  and spher ica l  symmet ry ,  r e spec t ive ly ,  and x is the dis tance f rom the axis or cen ter  of 
symmet ry .  In this case ,  between the i so the rms  the solution u(x, t) will  sat isfy the l inear  equation obtained by equating 
the r ight-hand side of Eq. (4.1) to zero.  Solving this equation, we find 

u ~ - c l  q - % l n x  ( v = i ) ,  u = c  l q - c ~ x  -1 ( ~ = 2 ) .  (4.2) 

The a r b i t r a r y  constants  c t and c2 a re  de te rmined  f rom the conditions at the i s o t h e r m s  (i. e . ,  conditions of the type u = 
= u k at x = Xk). Evaluat ing these  constants  for  the case  t rea ted  in sect ion 2, we find, instead of the f i r s t  of re la t ions  
(2.3), the following: 

U = u~ ~- ( u - - - u t ~ ) l n ( x / x ~ )  
l n ( x - / x ~ )  (v = i), 

u = uT~ § ( ~ -  - -  u~) ( t  / ~ - -  t / ~) 
i / x - - - i / x j ~  (~ = 2). (4.3) 

Analogous equations a r e  obtained to r ep l ace  the second of re la t ions  (2.3). Multiplying Eq. (4.1) by x v and 
in tegra t ing it f rom a to b, we find 

Evaluating the r ight-hand side of this equation with the help of Eqs. (4.3), to r ep lace  Eqs. (2.3) he re ,  we find 

d x  k ~ _  u + -  u k i t - - -  u k 

x~"~-(/~ - - F * ) -  ln(x+/x~) ln(x-/x,:) ' 

dzg "F- u ~ - -  u k u - - -  u~ 
x~2.-Tg- [ - - F * ) - -  i / z ~ _ t / x  + l / x ~ - - i / x -  (4.4) 

fo r  the cases  v = 1 and v = 2, r e spec t ive ly .  Equations (4.4) r ep l ace  Eqs.  (2.4) here .  The remain ing  equations of 
sect ions  2 -3  are  changed in an analogous manner ,  but the d i scuss ion  and method of solution r ema in  the same.  

We offer  yet  another  in te rpre ta t ion  of this method. In Eq. (1.3) we assume  that f(u) is d i f ferent iable  and that u(x, 
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t) is a monotonic function of x. Using the var iable  rep lacements  

T = t, g = u (x, t),  x = X (y, ~) , (4.5) 

we seek X as a function of the a rguments  y and T. For  the par t ia l  der iva t ives  we find 

ut = - -  X ~  / X y ,  u~ = t / X y ,  u ~  = X ~  l ( l  / X y ) y  . 

In t e rms  of these new var iab les ,  Eq. (1.3) becomes 

-1' (y)x~ = (i / x ~ ) y .  

If the der iva t ives  with respect  to y in this equation are  replaced by piecewise-di f ference  re la t ions ,  i . e . ,  if we 
use the s t ra igh t - l ine  method, we find equations of the form (2.4). Accordingly,  this method may be considered a 
vers ion  of the s t ra ight l ine  method for the equation in t e rms  of the new var iab les  in (4.5). 

We take note of cer ta in  features  and advantages of this method. Since the method converges to the Cauchy 
problem for  a sys tem of ord inary  differential  equations, it is s imply solved on a computer .  The method can be used to 
solve the problem for a r b i t r a r y  nonl inear  functions f(u)  having any number  of discont inui t ies .  

The calculat ion of the phase - t r ans i t ion  fronts  is ca r r i ed  out automatical ly  since they are  included in the number  
of i so therms  and do not p resen t  any difficult ies.  The choice of the p iecewise-cons tan t  function F(u) approximating f (u)  
is la rge ly  a rb i t r a ry ;  this c i rcumstance  can be used to improve the accuracy.  

If the func t ionf (u )  inc reases  slowly in one u range  and rapidly in another,  the points u k must  be dis t r ibuted at 
g rea te r  in tervals  in the f i r s t  range and at sma l l e r  in te rva ls  in the second so that the increments  in the function F(u) 
will be approximately the same.  If the solution u(x, t) has sharp gradients  in cer ta in  regions of the x, t plane, this will 
automat ical ly  be taken into account by the approach of the i so therms  and will not lead to any loss in accuracy.  

This method can be conveniently used to solve the opt imum-contro l  problem for nonl inear  thermal  p rocesses ,  
s ince such problems can be immedia te ly  reduced to var ia t ional  problems for sys tems  descr ibed  by ordinary  
differential  equations. 

This method, which can eas i ly  take into account any nonl inear i t ies  and phase t rans i t ions ,  therefore has cer ta in  
advantages over other known methods (e. g . ,  the f in i te -d i f ference  methods) in cer ta in  cases .  The method may be useful  
for solving nonl inear  heat-conduct ion problems,  the Stefan problems,  and other physical  and mechanical  problems 
descr ibed  by a nonl inear  equation of the parabol ic  type. The method can be extended to problems involving severa l  
spatial  var iab les ,  but the calculat ion procedure  is s ignif icant ly  complicated thereby. 

We note yet another genera l iza t ion  of the method, which was pointed out to the author by L. A. Chudov. We 
consider  a sys tem of par t ia l  differential  equations 

O F  i r t ~ - ~ = ~ i ( v ) ,  v = ( v l  . . . .  Vn), i = 1 ,  . . n ,  (4.6) 

where v(t, x) is the unknown vector function and L i a re  a r b i t r a r y  nonl inear  different ial  opera tors  containing der iva t ives  
of v of a r b i t r a r y  order  with respect  to the sca la r  spatial  var iable  x. 

The opera tors  L i may depend explicit ly on x and t. We let xij(t) be the level l ine of the function vi(x, t) on which it 
a s sumes  the constant  value vi(x, t) = vij. Then on this l ine we have 

dye Ov i Ore &vii 
dt - -  Ot -~-~- - -~- -=0  ( i = i ,  2 . . . n ;  ] = 1 ,  2 . . . ) .  

F r o m  this, and using (4.6), we find an equation for the level l ines :  

dxi~ Ovr Lr (i = i, 2 n; 1 =  1, 2 .) (4.7) d~ - ~  = ~ . . . . . .  

The r ight-hand side of Eqs. (4.7) can be replaced by var ious f in i te-di f ference  approximations employing the 
selected grid of vii values and x = xij(t) values at the level line. System (4.7) then becomes analogous to Eqs. (2.5). 
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5. E x a m p l e s .  H e r e  we c o n s i d e r  n u m e r i c a l  so lu t i ons  of the s a m e  b o u n d a r y - v a l u e  p r o b l e m  f o r  two m e d i a  w i t h f ( u )  

f unc t i ons  

0 .%,  f o r  u<o.8  

h (u)= u, /~.(u)= 0 .4+0.5u+O.2u ~- f o r  0 .8<u<1 .5  (5.1) 

u + 0.4 u'- f o r  u>~i.5. 

T h e s e  f u n c t i o n s  a r e  p lo t t ed  in Fig.  3. 

I 
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I 
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Fig .  3 

/ 

2 o' 

The first case corresponds to the ordinary linear heat-conduction equation, while the second corresponds to a 

medium having two phase transitions. The boundary and initial conditions for both cases are 

o~ / az = 0 f o r  x = O, u = 2t + t f o r  x = 1, u = z~ f o r  t = 0.  (5.2) 

The  po in t s  u k in Eq. (2.1) a r e  c h o s e n  to be equ id i s t an t ;  i . e . ,  we c h o o s e  u k = kH, w h e r e  H = 0.05. In the r e g i o n  
t _> 0, 0 -< x _< 1 in which  we s e e k  the so lu t ion ,  the func t ion  u(x, t) i s  a mono ton i c  func t ion  of both  x and t in t h e s e  

e x a m p l e s ,  so  the i s o t h e r m s  a r e  a r r a n g e d  in the  x,  t p lane  in a m a n n e r  such  that  xk(t) < x l (t) f o r  k < I. As t i n c r e a s e s ,  
the  i s o t h e r m s  m o v e  to the lef t ;  new i s o t h e r m s  a r i s e  at  the r i g h t  (x = 1) bounda ry ,  whi le  i s o t h e r m s  end at  the l e f t  (x = 

= 0) b o u n d a r y  (Fig.  4). We a s s u m e  that  at  s o m e  t i m e  t xk(t) i s o t h e r m s  with i n d i c e s  i -< k _< j l ie  in the i n t e r v a l  0 < x < 
< 1; h e r e  i i n d i c a t e s  the i s o t h e r m  at the e x t r e m e  lef t ,  whi le  j i n d i c a t e s  tha t  of the e x t r e m e  r igh t .  Taking  into accoun t  

the g e n e r a l  e q u a l i t i e s  (2.5), (3.2), and (3.3) and cond i t i on  (5.2), we w r i t e  the i s o t h e r m  equa t ions  as  fo l lows :  

d~ H 
d--F- -- (F~_ I -- F~) (x~ I -- x~) < 0, 

d %  H t t i_ _)  ( i < k < : / ) ,  
dt - -  F k -  Fk_  1 ~ - - x ~ _  i xk+ 1 - x  k 

. [ , (2 ,+ , ) / . - , ]  (5.3) 
dt - -  F j - -  F j_ 1 x j - - x j _  1 - I - - x j  " 

To ob ta in  the  in i t i a l  cond i t i ons  we w r i t e  the equa t ion  

u (x,  o) = x 2 = u~ = kII  (H ~ 0.05). 

Then we find the initial conditions for those isotherms which begin on the [0, i] interval of the x-axis :  

x~ (o) = Kk--H;, H = 0.05, i ~ ,',: ~< i ,  i = t ,  i ~ 20 .  ( 5 . 4 )  

I s o t h e r m s  w i t h j  > 20 beg in  a t  the l i n e x  = 1 a t  c r i m e  t g i v e n b y u ( 1 ,  t) = 2 t +  1 = j H ;  i . e . ,  f o r  t h e m  we have  

xj(t{)= i, t j =  ]/2 (]H -- i) . (5.5) 

When a new i s o t h e r m  a r i s e s ,  it  b e c o m e s  the bounding  i s o t h e r m  on the r i g h t ,  i. e . ,  the j - t h  i s o t h e r m  in the 

no ta t ion  of (5.3). The  l a s t  equa t ion  in (5.3) has  a s i n g u l a r i t y  when (5.5) h o l d s .  R e s o l v i n g  the i n d e t e r m i n a n t  f o r m  in (5.3) 
( s e e  s e c t i o n  3), we find at  t = tj that  
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z = az -}- a~. / z , ( 5 . 6 )  

w h e r e  

da~j (t~) H 
z =  d ~ '  a~= (F j_Fj_ l ) [ l_~ j_ l ( t i )  ] > 0 ,  (5.7) 

a~ = 2 / ( F j  - -  F j_I )  > 0 .  

Of the  two r o o t s  of the q u a d r a t i c  e q u a t i o n s  (5.6),  we s e l e c t  the  n e g a t i v e  one :  

dx i (t i) a z -  ]/'az~'---+ 4a. 
z =  d t  -- 2 " < 0 ,  (5.8) 

w h i c h  d e s c r i b e s  the  m o t i o n  of the  i s o t h e r m  on the  l e f t  of the  x = 1 b o u n d a r y  in the  x, t p l a n e .  E q u a t i o n s  (5.7) and (5.8) 
d e s c r i b e  the  a s y m p t o t i c  b e h a v i o r  of the  xj( t )  i s o t h e r m  upon  i t s  a p p e a r a n c e ,  i . e . ,  u n d e r  c o n d i t i o n  (5.5).  

\ , 

Fig. 4 

It  c a n  be  s h o w n  t h a t  the  p o i n t  t = tj,  xj  = 1 i s  a s a d d l e - p o i n t  s i n g u l a r i t y  f o r  s y s t e m  (5.3),  and  t ha t  on ly  one 
i s o t h e r m  l e a v e s  th i s  p o i n t  a l o n g  the  d i r e c t i o n  (5.8). T h e r e  a r e  no o t h e r  s i n g u l a r i t i e s  of s y s t e m  (5.3).  T h e  
d i s a p p e a r a n c e  of the  i s o t h e r m s  in t h e s e  e x a m p l e s  o c c u r s  a t  the  x = 0 b o u n d a r y  when  the d e c r e a s i n g  f u n c t i o n  xi( t)  
v a n i s h e s .  T h e n  the  r o l e  of the  i - t h ,  i . e . ,  b o u n d i n g  i s o t h e r m  on the l e f t  in  Eqs .  (5.3),  i s  p l a y e d  by  the  i s o t h e r m  x i +  r 

T h e  s y s t e m  of  i s o t h e r m  e q u a t i o n s  (5.3) h a s  b e e n  i n t e g r a t e d  n u m e r i c a l l y  on  a c o m p u t e r  by  the  R u n g e - K u t t a  
m e t h o d  wi th  a c o n s t a n t  s t ep  of 5 �9 10 -4 f o r  the  f i r s t  e x a m p l e  in (5.1) and  2.5 �9 10 -4 f o r  the  s e c o n d  e x a m p l e .  T h e  i n i t i a l  
c o n d i t i o n s  a n d  the  i a n d  the  j v a l u e s  f o r  t = 0 w e r e  s p e c i f i e d  in  t he  f o r m  (5.4) .  

A t  e a c h  s t e p  of the  i n t e g r a t i o n ,  the c o n d i t i o n  f o r  the d i s a p p e a r a n c e  of the i - t h  i s o t h e r m  was  c h e c k e d  ( the 
c o n d i t i o n  x i -< 0), a s  was  the c o n d i t i o n  f o r  the  a p p e a r a n c e  of a new (j + 1 ) - t h  i s o t h e r m  ( the c o n d i t i o n  t >~ tj+l = 1/2 [(] + 
+ l ) / ~ - -  1]). When  the  f i r s t  c o n d i t i o n  h o l d s ,  the i v a l u e  i n c r e a s e s  by  un i ty ;  w h e n  the  s e c o n d  c o n d i t i o n  h o l d s ,  the j v a l u e  

i n c r e a s e s  by un i ty .  When  a new i s o t h e r m  a p p e a r s ,  i t s  b e h a v i o r  n e a r  the  s i n g u l a r i t y  i s  s p e c i f i e d  by  the a s y m p t o t i c  
b e h a v i o r  above .  A f t e r  the  i s o t h e r m  c a l c u l a t i o n ,  the  s o l u t i o n  u(x, t) c an  be  d e t e r m i n e d  by  a l i n e a r  i n t e r p o l a t i o n  o v e r  x 

b e t w e e n  n e i g h b o r i n g  i s o t h e r m s .  

In the  f i r s t  of t h e s e  e x a m p l e s  [ s e e  (5.1)],  w i t h f l ( u )  = u, t h e r e  i s  an  e x a c t  s o l u t i o n  of b o u n d a r y - v a l u e  p r o b l e m  
(5.2) f o r  Eq. (1.3).  T h i s  s o l u t i o n  i s  u(x, t) = x 2 + 2t,  and  t he  i s o t h e r m s  in the  x, t p l a n e  h e r e  a r e  p a r a b o l a s .  The  
e x i s t e n c e  of a s i m p l e  e x a c t  s o l u t i o n  p e r m i t s  a n  e s t i m a t e  of t he  e r r o r  in  t h i s  m e t h o d .  We show f o r  the f i r s t  e x a m p l e  
the  n u m e r i c a l  s o l u t i o n  u ~ and  the  e x a c t  s o l u t i o n  u = x 2 + 2 t :  

t = t  t ~ 2  
x=0 .0770  0.5004 0.8945 0.0799 0.5009 0.9747 
u0=2.0000 2.2500 2.8000 4.0000 4.2500 4.9500 
u----2.0059 2.2504 2.8001 4.0064 4.2509 4.9500 

To e l i m i n a t e  the  i n t e r p o l a t i o n  e r r o r ,  we c h o s e  the  a r g u m e n t s  x, t h e r e  to l i e  on one  of the  i s o t h e r m s  p lo t t ed  
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numerica l ly .  The numer ica l  solutions were  found f rom u ~ = kH = 0.05 k, where k denotes the i so the rm on which the 
point is taken. As this table shows, the ag reemen t  between the numer ica l  solution and the exact solution is good. The 
i so the rms  plotted here  also turn out to be c lose  to the exact  i so the rms  (parabolas).  

The second example cor responds  to the nonlinear  discontinuous function f2(u) f rom (5.1) (Fig. 3). F igure  4 shows 
some i so the rms  obtained by a numer ica l  solution for this example.  The curve  labels  indicate the i so the rms ;  on the 
k-th i so therm,  we have, as before ,  u = kH = 0.05 k. The 16-th aud 30-th i so the rms ,  at which u = 0.8 and u = 1.5, a re ,  
according to (5.1), phase - t r ans i t ion  f ronts  (the functionf2(u) has a discontinuity here) .  These  i so the rms  separa te  
s ta tes  of the medium having dif ferent  p rope r t i e s ,  as is c l ea r ly  shown by the behavior  of the i so the rm field in Fig. 4. 

The author thanks V. M. Kar tve l i shvi l i ,  a student at the Moscow Physicotechnica l  Insti tute,  for  wri t ing the 
p r o g r a m  and ca r ry ing  out the calcula t ions  on a BESM-3M computer .  The author thanks L. A. Chudov for  useful 
comments .  
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